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Abstract: A mathematical model of a squirrel-cage induction motor with inter-turn short-circuits in
stator phases is presented in this paper. In the proposed mathematical model an extent and angular
localization of short-circuit faults are determined using a simple form of short-circuit coefficient ma-
trices. The model does not require any additional motor parameters than those that are required for
conventional model of healthy induction motor. Comparative results obtained through computer
simulations and from a laboratory test-stand with 2.2 kW induction motor are contained in the article.
The results obtained validate the proposed extended mathematical model of a squirrel-cage induction
motor with inter-turn short-circuit of stator windings.

Keywords: Squirrel-cage induction motor modelling, induction motor faults, stator winding inter-turn
short-circuit.

1. INTRODUCTION

Induction motor (IM) drives are used widely in the industry. Their advantages
compared to other types of electric motors are mainly high reliability and durability.
Reliability of drive systems with an IM can be increased by using diagnostic algo-
rithms implemented on-line or Fault-Tolerant Control (FTC) strategies [1]–[5].

Faults of an IM are related to the mechanical damage of rotor bearings, electrical
damage of the stator windings and the rotor cage bars [6]. According to IEEE and
EPRI (Electric Power Research Institute) the share of common faults is between:
40%–42% for bearing faults, 28%–38% for electrical stator faults, and 8%–10% for
electrical faults of a rotor [5]. The most important electrical faults of an IM are related
to: full or partial inter-turn short-circuit of stator winding fault, open stator phase fault
and stator asymmetry fault due to increased stator phase resistance. In the areas of an
IM diagnostics and FTC algorithms an important role is played by mathematical mod-
els that reflect the additional equations describing the IM faults. Those models offer
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the possibility of performing non-invasive research on precise diagnostic methods and
control algorithms through simulation environments. Mathematical models of an IM
can be classified according to the type of damage being modelled. There are models
that consider broken bars of the rotor cage, eccentric position of the rotor or electrical
damage of the stator [7]–[14]. The main electrical fault of the stator is an adjacent turn
short-circuit caused by insulation damage. Therefore mathematical models, which
describe this fault, are especially important.

Mathematical models of an IM, which consider the stator winding short-circuits,
are the subject of many research works [7]–[14]. Parameters of IM models or synchro-
nous motors, with stator winding short-circuits, are calculated using extended methods
compared to the fully symmetrical IM [12]–[14] or the finite element methods [15].
Some methods of IM estimation of model parameters require an exact knowledge of
stator winding topology [14]. This knowledge allows the electric machine inductances
to be precisely calculated. Mathematical models presented by the authors of publica-
tions mainly concern short-circuit occurring in a single phase of stator. In this paper,
a simplified mathematical model of squirrel-cage IM is presented, which considers
short-circuit occurring in any phase of stator (Fig. 1), in which the extent and the an-
gular position of a short-circuit, is determined using coefficient matrices.
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Fig. 1. The model of induction motor stator windings that considers phase inter-turn short-circuits
with angular offset between healthy and faulty parts of coils

The angular offset introduced between healthy and faulty parts of stator windings
gives the possibility to model a randomly placed occurrence of short-circuit that can
lead to unbalanced windings. Self-inductances and mutual-inductances of an IM are
estimated in a way that does not require additional knowledge about their topology
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and are sufficient for correct determination of current waveforms in both healthy and
faulty parts of phase windings.

An exact knowledge about stator winding currents is essential for high quality
IM diagnostic methods and FTC strategies. The mathematical model of an IM pro-
posed is described in natural coordinate system. This enables a simple modelling of
stator winding asymmetry and leads to proper IM model parameters calculation of
healthy and faulty stator winding currents. A validation of the proposed mathemati-
cal model of an IM is shown in this article in comparison to the results achieved
from real test-stand with the motor SIEMENS 1LA7096-2AA10-Z with a rated
power of 2.2 kW.

2. THE MATHEMATICAL MODEL OF THE INDUCTION MOTOR

A typical mathematical model of the squirrel-cage induction motor, expressed in
a natural coordinate system, can be described as follows
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where: Us, Is – vectors of phase voltages and currents of the stator, Ir – vector of rotor
phase currents, s, r – vectors of stator and rotor fluxes, and

,,,

,,
00

00
00

,
00

00
00

T

scrcscrbscra

sbrcsbrbsbra

sarcsarbsara

rcrcrcrbrcra

rbrcrbrbrbra

rarcrarbrara

scscscsbscsa

sbscsbsbsbsa

sascsasbsasa

rc

rb

ra

sc

sb

sa

=
LLL
LLL
LLL

=
LLL
LLL
LLL

=

LLL
LLL
LLL

=
R

R
R

=
R

R
R

=

rsrssrrr

ssrs

LLLL

LRR

















































































(2)

where: indexes a, b, c are phases, and indexes s and r denote stator and rotor.
Electromagnetic torque, which an IM generates, can be calculated using

p
dΘ
d=M T

el r
sr

s ILI , (3)

where:  – position of the rotor electric angle, p – number of pole pairs.
It can be assumed that healthy IM is fully symmetrical. In this case, parameter ma-

trices from equations (2) can be reduced to the following form
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where: Rs, Rr – resistances of stator and rotor phases, Ls, Lr – leakage inductances
of stator and rotor phases, Lms, Lmr – main inductances of the stator and the rotor,
Lsr – mutual inductance between the stator and the rotor, I – the identity matrix of size
33, and both the operation cos and its argument are defined as follows
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3. STATOR WINDING INTER-TURN SHORT-CIRCUIT MODELLING
OF A SQUIRREL-CAGE INDUCTION MOTOR

Taking into account stator winding inter-turn short-circuit, equations (1) have to be
extended to the model of an IM considering faulty state. Shorted parts of coil can be
treated as an extra set of stator windings with zero-voltage vector on their terminals.
In [8], [12], [13], equations (1) were extended to meet this assumption, which leads to
the following form
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where” Ish, Isf – vectors of phase currents in healthy and faulty parts of windings, sh,
sf – vectors of fluxes related to healthy and faulty parts of windings, and
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where indexes h and f denote healthy and faulty parts of the phase windings, respec-
tively, and each of the indexes x and y represents either h or f index.

An electromagnetic torque generated by the motor can be obtained from
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4. THE SIMPLIFIED FORM
OF THE IM MODEL PARAMETER MATRICES

Computation of matrices (7), which describe self and mutual inductances, is a compli-
cated task. In the general case, calculation of coil inductances in complex magnetic
systems is made on the basis of functions describing the distribution of a coil induc-
tance [12]–[14] or using finite element methods [15].

To simplify the problem of determining inductance matrices, which are a part of
equations (6), the following assumptions were made:

1. Healthy and faulty windings are considered as concentrated.
2. Healthy and faulty windings are free of magnetic saturation.
3. In a short-circuit of winding kxf part (where kxf denotes short-circuit extent in

phase x and is in the range of <0,1>), a kxh part (where kxh = 1–kxf) remains
healthy. The number of faulty and healthy winding turns can be described as
follows

xhsxsxhxfsxsxf kn=nkn=n  , . (9)

4. An axis of faulty windings can have angular offset xf with respect to the axis of
healthy IM phase windings. Because weighted sum of angular position of
healthy and faulty windings (which takes into account the number of shorted
winding turns) should be the same as for IM in healthy state, an angular position
of both winding parts can be calculated from the relationship

xf
xh

xf
xhxhxhxfxf β

k
k
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 0 . (10)

The foregoing considerations lead to generalized form of a mathematical model of
an IM with matrices of parameters that comply with the requirements for assumptions
on extent and angular offset of winding faults
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where the operator ◦ is the entry-wise product, and short-circuit matrices kh and kf as
well as winding angular offset matrices h and f are defined as follows:
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where coefficients ka, kb, kc <0, 1>, denote extent of short-circuit in faulty windings
of phase a, b and c of the stator, and a, b, c their angular offset. The operator ./ is
the right-side entry-wise division.

5. THE RESULTS OF SIMULATION AND LABORATORY TESTS

To verify the proposed mathematical model of the induction motor, taking into
account inter-turn short-circuit stator windings, equations (6), (8) and (11) have been
implemented in the SciLab computing environment. The results of the computer
simulations have been compared to the results obtained from the laboratory tests
carried out using the squirrel-cage induction motor SIEMENS 1LA7096 2AA10-Z.
In this machine, selected turns were cut off and led outside the stator to allow short-
circuit modelling (among others, faults). During the research test, 20% of the phase
winding turns was shorted. Rated parameters of IM used: Pn = 2.20 kW, Us = 400 V,
Is = 4.7 A, cosφ = 0.85, Tn = 7.30 Nm, nn = 2880 rpm, Rs = 3.06 , Rr = 2.0 , Ls = Lr
= 339 mH, Lm = 338 mH. Dynamic load of the motor in the laboratory tests was
a flywheel mass with the moment of inertia J = 0,14 kgm2, exceeding 30 times the
moment of inertia of the machine rotor. In Figs. 2–4, waveforms of the electro-
magnetic torques and the selected currents are shown. The tests were designed to per-
form a single duty cycle of the drive with both accelerating and braking stages (Fig. 3).
The simulation model of the drive system described by equations (6), (8) and (11) had
the input voltage vector corresponding to the real IM on test-stand. The motor was
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powered by a voltage inverter using the DTC control strategy. For better readability of
the input voltage vector used in simulations, a Short Time Fourier Transform (STFT)
of its single phase is shown in Fig 5c. Symbols used in the figures: ipom – measured
current, imdl – current acquired from computer simulation, Test – electromagnetic torque
estimated using shaft speed and known moment of inertia, Tmdl – electromagnetic
torque acquired from computer simulation, Tref – electromagnetic torque reference.

The waveforms of phase currents recorded on a laboratory stand with the use of
oscilloscope and computed by the mathematical model described by equations (6)
indicate compliance of presented model with real test-stand (Figs. 2–4).

a) b) c)

  

Fig. 2. Waveforms of stator phase currents for (a) 20% shorted windings
and using mathematical model disregarding inter-turn short-circuits (ka = 0),
(b) 20% shorted windings and considering inter-turn short-circuits (ka = 0.2),
(c) healthy induction machine and using the mathematical model introduced

a) b) c)

  

Fig. 3. Electromagnetic torques for (a) 20% shorted windings
and using mathematical model disregarding inter-turn short-circuits (ka = 0),
(b) 20% shorted windings and considering inter-turn short-circuits (ka = 0.2),
(c) healthy induction machine and using the mathematical model introduced

The mathematical model described by equations (1) produces strongly deformed
phase current, inconsistent with the measurements (Fig. 2a). The general machine
performance acquired during the tests is shown in Fig. 3. It can be noticed that the
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electromagnetic torque calculated through the IM model is exactly the same for faulty
cases (Fig. 2a, 2b) regardless of the model used. Mathematical model of the induction
motor with additional part of equations (that consider angular offset between healthy and
faulty windings) allows for better fit of the current waveform phase shift. In the case
under research test of 20% short-circuited turns, the best match of the phase shift is
at a = – 0.06 rad. To highlight this phase alignment, the chosen time range of wave-
forms is presented in Fig. 4. It should be mentioned that in the faulty state of the IM,
the value of angular offset was variable and depended on short-circuit location.

a) b)

 

Fig. 4. Zoomed time range of shorted winding current waveforms for case of
a) disregarding angular displacement (a = 0 rad), b) considering angular displacement (a = –0.06 rad)

Moreover, in a healthy IM there was no phase shift between measured and calcu-
lated stator currents. Because the angular offset introduced is related to the IM con-
struction, it is independent of the state of the machine. The influence of the shorted
turns current phase shift on healthy windings current can be very useful in diagnostics
and FTC strategies. This issue, however, requires further research.

For more precise analysis of current waveforms their differential spectra, calcu-
lated using STFT are shown in Figs. 5 and 6. STFT of faulty winding current estima-
tion error is presented in Fig 5. In the whole range of analysing time, the error does
not exceed 250 mA of the first harmonic for the model that considers inter-turn short-
circuit. Spectra of Q(t, f ) coefficients, which denote estimation accuracy of calculated
faulty winding current phase shift, are shown in Fig. 6. Function Q(t, f ) is defined as
follows

  q
q

+ft,Yft,X
=ft,Q











1)()(

1)( , (13)

where: X(t, f ) – phase shift spectra of measured current, Y(t, f ) – phase shift spectra of
calculated current, q – sensitivity coefficient (q = 106/rad).
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a) b) c)

 

Fig. 5. Amplitude STFT spectra of (a) the difference of phase current (measured and determined
by simulation) in the case of 20% shorted windings and disregarding inter-turn short-circuit in the model,

(b) the difference of phase current in the case of 20% shorted windings and considering inter-turn
short-circuit in the model, (c) single phase voltage used as an input for all simulations

a) b)

 

Fig. 6. Phase-shift quality index of faulty winding current first harmonic estimation in the case of (a)
disregarding angular displacement (a = 0 rad), (b) considering angular displacement (a = –0.06 rad)

Considering angular offset of a = –0.06 rad, the quality of phase-shift of faulty
windings current first harmonic estimation is much higher (Fig. 6b).

5. CONCLUSIONS

The extended mathematical model of squirrel-cage induction motor is presented
in the paper. The model proposed takes into account an angular offset between faulty
and healthy parts of stator windings. There is no need to know any additional induction
motor IM parameters than those that are required for conventional model of healthy
machine. The obtained results, included in the article, confirm that the proposed
extended mathematical model allow the phase-shift of the faulty winding current to be
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estimated precisely. Such an estimation of faulty windings current can be further used
in high efficient FTC strategies or for precise diagnostic purposes.
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